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CONTINUATION HOMOMORPHISM IN RABINOWITZ FLOER
HOMOLOGY FOR SYMPLECTIC DEFORMATIONS
YOUNGJIN BAE AND URS FRAUENFELDER
Abstract. Will J. Merry computed Rabinowitz Floer homology above Man˜e´’s critical value
in terms of loop space homology in [14] by establishing an Abbondandolo-Schwarz short exact
sequence. The purpose of this article is to provide an alternative proof of Merry’s result.
We construct a continuation homomorphism for symplectic deformations which enables us
to reduce the computation to the untwisted case. Our construction takes advantage of a
special version of the isoperimetric inequality which above Man˜e´’s critical value holds true.
1. Introduction
Rabinowitz Floer homology as introduced in [3] is the semi-infinite dimensional Morse
homology associated to Rabinowitz action functional. Critical points of Rabinowitz action
functional are Reeb orbits on a fixed energy hypersurface of arbitrary period. Rabinowitz
Floer homology vanishes if the energy hypersurface is displaceable, however, we have the
following non-vanishing result.
Theorem 1.1 (Abbondandolo-Schwarz [1], Cieliebak-Frauenfelder-Oancea [5]). Assume N
is a closed manifold. Denote by ST ∗N the unit cotangent bundle of N in the cotangent bundle
T ∗N which is endowed with its canonical symplectic structure. Then in degree ∗ 6= 0, 1
RFH∗(ST ∗N,T ∗N) =
{
H∗(LN ), if ∗ > 1,
H−∗+1(LN ), if ∗ < 0.
If e(T ∗N) is the Euler characteristic of T ∗N , then in degree 0 we have
RFHc0(ST
∗N,T ∗N) =
 H0(L
c
N )⊕H1(L cN ), if c 6= 0,
H0(L 0N )⊕H1(L 0N ), if c = 0 and e(T ∗N) = 0,
H1(L 0N ), if c = 0 and e(T
∗N) 6= 0.
In degree 1 we have
RFHc1(ST
∗N,T ∗N) =
 H1(L
c
N )⊕H0(L cN ), if c 6= 0,
H1(L 0N )⊕H0(L 0N ), if c = 0 and e(T ∗N) = 0,
H1(L 0N ), if c = 0 and e(T
∗N) 6= 0.
Here, LN is the free loop space of N and L
c
N is the connected component of LN of homotopy
type c and RFHc(ST ∗N,T ∗N) is the Rabinowitz Floer homology for the Rabinowitz action
functional restricted to L cT ∗N . Moreover, all homology groups are taken with Z2-coefficients.
An interesting result of Will J. Merry tells us that this theorem continuous to hold in the
presence of a weakly exact magnetic field for high enough energy levels. On the cotangent
Key words and phrases. Floer homology, Rabinowitz Floer homology, Man˜e´ critical value, Isoperimetric
inequality.
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bundle τ : T ∗N → N of a closed Riemannian manifold (N, g), we consider an autonomous
Hamiltonian system defined by a convex Hamiltonian
HU (q, p) =
1
2
|p|2 + U(q)
and a twisted symplectic form
ωσ = ω0 + τ
∗σ.
Here ω0 = dp ∧ dq is the canonical symplectic form in canonical coordinates (q, p) on T ∗N ,
|p| denotes the dual norm of a Riemannian metric g on N , U : N → R is a smooth potential,
and σ is a closed 2-form on N . This Hamiltonian system describes the motion of a particle
on N subject to the conservative force −∇U and the magnetic field σ. We call the symplectic
manifold (T ∗N,ωσ) a twisted cotangent bundle.
In order to state Will J. Merry’s results we need the term of Man˜e´ critical value. Let (N˜ , g˜)
be the universal cover of (N, g). Let σ ∈ Ω2(N) denote a closed weakly exact 2-form, which
means that the pullback σ˜ ∈ Ω2(N˜) is exact.
Definition 1.2. Let σ ∈ Ω2(N) be a closed weakly exact 2-form. Then the Man˜e´ critical
value is defined as
c = c(g, σ, U) := inf
θ∈Pσ
sup
q∈N˜
H˜U (q, θq),
where Pσ = {θ ∈ Ω1(N˜) | dθ = σ˜} and H˜U is the lift of HU to the universal cover.
In this article, we restrict our attention to the case of c < ∞ i.e. σ˜ ∈ Ω2(N˜) admits a
bounded primitive. For given k ∈ R, we let Σk := H−1U (k) ⊂ T ∗N . Then the dynamics of
the hypersurface Σk changes dramatically when k is passing through c. If k > c then Σk is
virtual restricted contact, and Rabinowitz Floer homology is well-defined. All these things are
investigated in [6]. The following theorem was conjectured in [6] and proved in [14] by using
the Abbondandolo-Schwarz short exact sequence.
Theorem 1.3 (Merry [14]). Under the above assumptions if k > c(g, σ, U), then in degree
∗ 6= 0, 1
RFH∗(Σk, T ∗N,ωσ) =
{
H∗(LN ), if ∗ > 1,
H−∗+1(LN ), if ∗ < 0.
In degree 0, 1 we have the same result as in Theorem 1.1.
The aim of this article is to give an alternative proof of the above theorem by construct-
ing an explicit isomorphism between RFH(Σk, T
∗N,ω0) and RFH(Σk, T ∗N,ωσ) and then
use the untwisted version, namely Theorem 1.1. The explicit isomorphism is given by the
continuation homomorphism for the symplectic deformation r 7→ ωrσ with r ∈ [0, 1]. For the
following theorem note that c(g, σ, U) ≥ c(g, 0, U) = maxU . Hence if k > c(g, σ, U), then the
Rabinowitz Floer homology for Σk is defined and coincides with the one from Theorem 1.1.
Theorem 1.4. Under the above assumptions, if k > c(g, σ, U) ≥ c(g, 0, U) = maxU and
ω0, ωσ ∈ ΩMreg(Σk) then there is a continuation map
Ψωσω0∗ : RFC∗(Σk, ω0)→ RFC∗(Σk, ωσ)
which induces an isomorphism
Ψ˜ωσω0 ∗ : RFH∗(Σk, ω0)→ RFH∗(Σk, ωσ).
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One of our motivation for considering an alternative proof of Merry’s result is that the
continuation homomorphism can be used to compare spectral invariants between two different
magnetic fields, we refer to [2] for a discussion of spectral invariants in Rabinowitz Floer
homology. We plan to discuss this in more detail in a further paper.
The question of invariance under symplectic perturbation is also an important issue in
symplectic homology, we refer to the paper by Ritter [20]. In view of the long exact sequence
between symplectic homology and Rabinowitz Floer homology established in [5] we expect
interesting interactions of this paper with the approach followed by Ritter.
Acknowledgement: The authors were supported by the Basic research fund 2010-0007669
funded by the Korean government. We thank to J.-C. Sikorav for helpful comments including
Example 2.6.
2. Continuation homomorphism in Morse and Floer homology
2.1. Morse homology. Let (M, g) be a closed Riemannian manifold and f : M → R a
Morse function. We recall that the Morse chain complex CM∗(f) is the graded Z2-vector
space generated by the set Crit(f) of critical points of f . The grading is given by the Morse
index µ = µMorse of f . The boundary operator
∂ : CM∗(f)→ CM∗−1(f)
is defined on generators by counting gradient flow lines. Indeed assume that a Riemannian
metric g on M satisfies the following transversality condition. Stable and unstable manifolds
with respect to the negative gradient flow of ∇f = ∇gf intersect transversally, that is,
W s(x) tW u(y) for all x, y ∈ Crit(f). Then the moduli space
M̂(x−, x+) := {x : R→M | ∂sx(s) +∇f(x(s)) = 0, lim
s→±∞x(s) = x±}
is a smooth manifold of dimension dimM̂(x−, x+) = µ(x−) − µ(x+). Moreover, R acts by
shifting the s-coordinate. If x− 6= x+, the action is free and we denote the quotient by
M(x−, x+) := M̂(x−, x+)/R.
Moreover, if µ(x−) − µ(x+) = 1 then M(x−, x+) is a finite set. Then we can define the
differential ∂ = ∂(f, g) as a linear map which is given on generators by
∂x− :=
∑
x+∈Crit(f)
µ(x−)−µ(x+)=1
#2M(x−, x+)x+,
where, #2 denotes the count of a set modulo 2. It is a deep theorem in Morse homology that
the identity
∂ ◦ ∂ = 0
holds, see [23] for details. Then
HM∗(f, g) := H∗(CM•(f), ∂(f, g))
is the Morse homology for the pair (f, g). Moreover, HM∗(f, g) equals the singular homology
H∗(M) of M . In particular, HM(f, g) is independent of the choice of Morse-Smale pair (f, g).
The independence of HM(f, g) of Morse-Smale pair (f, g) can be shown directly using the
continuation homomorphism which is constructed in the following way. For two Morse-Smale
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pairs (f±, g±) we choose T > 0 and a smooth family {fs, gs}s∈R of functions fs : M → R and
Riemannian metrics gs such that
fs =
{
f− for s ≤ −T
f+ for s ≥ T gs =
{
g− for s ≤ −T
g+ for s ≥ T.
For critical points x± ∈ Crit(f±), we consider the moduli space
N (x−, x+) = N (x−, x+; fs, gs) := {x : R→M | ∂sx(s) +∇gsfs(x(s)) = 0, lim
s→±∞x(s) = x±}.
A homotopy (fs, gs) is called regular if the Fredholm operator obtained by linearizing the gra-
dient flow equation is onto. In particular, for a regular homotopy the moduli space N (x−, x+)
is a smooth manifold of dimension dimN (x−, x+) = µ(x−) − µ(x+). A generic homotopy is
regular. Moreover, in the special case fs = f− = f+ and gs = g− = g+ we have the identity
N (x−, x+) = M̂(x−, x+). (2.1)
If µ(x−) − µ(x+) = 0 the space N (x−, x+) is compact. In order to verify that we need to
prove a uniform energy bound of x ∈ N (x−, x+) as follows
E(x) = Egs(x) =
∫ ∞
−∞
‖∂sx(s)‖2gsds
= −
∫ ∞
−∞
〈∇gsfs(x(s)), ∂sx(s)〉gsds
= −
∫ ∞
−∞
dfs(x(s))∂sxds
= −
∫ ∞
−∞
d
ds
fs(x(s))ds+
∫ ∞
−∞
f˙s(x(s))ds
≤ ‖f−‖∞ + ‖f+‖∞ + 2T‖f˙s‖∞.
(2.2)
Then we define a linear map
Z = Z(fs, gs) : CM∗(f−)→ CM∗(f+)
x− 7→
∑
x+∈Crit(f+)
µ(x−)=µ(x+)
#2N (x−, x+)x+.
We denote ∂± := ∂(f±, g±). In the same manner as ∂ ◦ ∂ = 0, one proves in Morse homology
Z ◦ ∂− = ∂+ ◦ Z,
see [23]. In particular, on homology level we obtain the map
Z˜ : HM∗(f−, g−)→ HM∗(f+, g+)
which is called the continuation homomorphism. By a homotopy-of-homotopies argument,
it is proved that Z˜ is independent of the chosen homotopy (fs, gs), see [23]. Moreover, the
continuation homomorphism is functorial in the following sense. If we fix three Morse-Smale
pairs (fa, ga), (fb, gb), and (fc, gc) we denote the corresponding continuation homomorphisms
by Z˜ba : HM∗(fa, ga) → HM∗(fb, gb) and similarly Z˜ca and Z˜cb . Then we have the following
identity
Z˜ca = Z˜
c
b ◦ Z˜ba.
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Now consider the case fs = fa and gs = ga. By (2.1), we get #2N (x−, x+) = 1 if x− = x+
and #2N (x−, x+) = 0 for the other cases. Hence we obtain the following identity
Z˜aa = idHM∗(fa,ga).
In particular, we conclude that Z˜ba is an isomorphism with inverse Z˜
a
b .
2.2. Morse-Bott homology. Let M be a compact manifold and (f, h, g, g0) be a Morse-
Bott quadruple. The Morse-Bott quadruple consists of a Morse-Bott function f on M, a
Morse function h on Crit(f), a Riemannian metric g on M and a Riemannian metric g0 on
Crit(f). We assume that (h, g0) satisfies the Morse-Smale condition, i.e. stable and unstable
manifolds intersect transversally. For a critical point c on h, let ind f (c) be the number
of negative eigenvalues of Hess(f)(c) and ind h(c) be the number of negative eigenvalues of
Hess(h)(c). We define
ind (c) := ind f,h(c) := ind f (c) + ind h(c).
Definition 2.1. For c1, c2 ∈ Crit(h), and m ∈ N a flow line from c1 to c2 with m cascades
(x, T ) = ((xk)1≤k≤m, (tk)1≤k≤m−1)
consist of xk ∈ C∞(R,M) and tk ∈ R≥ := {r ∈ R : r ≥ 0} which satisfy the following
conditions:
(1) xk ∈ C∞(R,M) are nonconstant solutions of
x˙k = −∇f(xk).
(2) There exists p ∈W uh (c1) and q ∈W sh(c2) such that
lim
s→−∞x1(s) = p and lims→∞xm(s) = q.
(3) For 1 ≤ k ≤ m− 1 there are Morse flow lines yk ∈ C∞(R,Crit(f)) of h, i.e. solutions
of
y˙k = −∇h(yk),
such that
lim
s→∞xk(s) = yk(0), lims→−∞xk+1(s) = yk(tk).
A flow line with zero cascades is just an ordinary Morse flow line from c1 to c2.
We denote the space of flow lines with m cascades from c1 to c2 ∈ Crit(h) by
M˜m(c1, c2).
If m ≥ 1 then the group Rm acts on M˜m(c1, c2) by time shift on each cascade, i.e.
xk(s) 7→ xk(s+ sk).
In the case of zero cascades m = 0, the group R still acts on M˜0(c1, c2) by time shifting. We
denote the quotient by
Mm(c1, c2).
We define the set of flow lines with cascades from c1 to c2 by
M(c1, c2) :=
⋃
m∈N0
Mm(c1, c2).
For a pair (f, h) consisting of a Morse-Bott function f on M and a Morse function h
on Crit(f), we define the chain complex CM∗(f, h) as the Z2-vector space generated by the
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Figure 1. A flow line with cascades
critical points of h graded by the index. More precisely, CMk(f, h) are formal sums of the
form
ξ =
∑
c∈Crit(h)
ind (c)=k
ξcc
with ξc ∈ Z2. For generic choice of the Riemannian metric g on M , the moduli spaces of flow
lines with cascades M(c1, c2) is a smooth manifold of dimension
dimM(c1, c2) = ind (c1)− ind (c2)− 1.
If dimM(c1, c2) = 0, then M(c1, c2) is finite. We define the boundary operator
∂k : CMk(f, h)→ CMk−1(f, h)
as the linear extension of
∂kc =
∑
ind (c′)=k−1
#2M(c, c′)c′
for c ∈ Crit(h) with ind (c) = k. The usual gluing and compactness arguments imply that
∂ ◦ ∂ = 0.
This defines homology groups
HM∗(f, h, g, g0) := H∗(CM•(f, h), ∂(f, h, g, g0)).
In the Morse-Bott situation, we can also show that the Morse-Bott homology is independent
of the choice of the Morse-Bott quadruple. First take two regular quadruples (f−, h−, g−, g0−)
and (f+, h+, g+, g
0
+). Choose a smooth family of interpolations {(fs, gs)}s∈R such that
fs =
{
f− for s ≤ −T
f+ for s ≥ T gs =
{
g− for s ≤ −T
g+ for s ≥ T.
For c1 ∈ Crit(h−), c2 ∈ Crit(h+), we consider the following flow lines from c1 to c2 with m
cascades
(x, T ) = ((xk)1≤k≤m, (tk)1≤k≤m−1)
for xk ∈ C∞(R,M) and tk ∈ R≥ which satisfy the following conditions:
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(1) xk are solutions of
x˙k(s) = −∇g˜k f˜k(xk),
where for some m1 ∈ {1, . . . ,m}
f˜k =
 f− for 1 ≤ k ≤ m1 − 1fs for k = m1
f+ for m1 + 1 ≤ k ≤ m
and
g˜k =
 g− for 1 ≤ k ≤ m1 − 1gs for k = m1
g+ for m1 + 1 ≤ k ≤ m.
Moreover, for k 6= m1 the cascade xk is nonconstant.
(2) There exists p1 ∈ W uh−(c1) and p2 ∈ W sh+(c2) such that lims→−∞ x1(s) = p1 and
lims→∞ xm(s) = p2.
(3) For 1 ≤ k ≤ m− 1, yk are Morse flow lines of h˜, i.e. solutions of
y˙k(s) = −∇g˜0k h˜k(yk),
and
lim
s→∞xk(s) = yk(0), lims→−∞xk+1(s) = yk(tk)
where
h˜k =
{
h− for 1 ≤ k ≤ m1 − 1
h+ for m1 ≤ k ≤ m− 1
and
g˜0k =
{
g0− for 1 ≤ k ≤ m1 − 1
g0+ for m1 ≤ k ≤ m− 1.
For a generic choice of the data, the space of solutions of (1) to (3) is a smooth manifold
whose dimension is given by the difference of the indices of c1 and c2. If ind (c1) = ind (c2)
then this manifold is compact. In order to verify this we need to prove a uniform energy
bound of time-dependent cascades as in the Morse case. Since a cascade consists of several
negative gradient flow lines (xk)1≤k≤m, (yk)1≤k≤m−1, it suffices to show that the energy of
each (time-dependent) gradient flow line are uniformly bounded. This is guaranteed by the
argument of (2.2) in the Morse situation.
We define a map
Z = Z(f˜ , h˜, g˜, g˜0) : CM∗(f−, h−)→ CM∗(f+, h+)
as the linear extension of
Zc− =
∑
c+∈Crit(h+)
ind (c+)=ind (c−)
#2M(c−, c+)c+
where c− ∈ Crit(h−). Standard arguments as in the Morse case show that Z induces isomor-
phisms on homologies
Z˜ : HM∗(f−, h−, g−, g0−)→ HM∗(f+, h+, g+, g0+).
This proves that Morse-Bott homology is independent of the choice of a Morse-Bott quadruple.
We refer to Appendix A in [11], for details.
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2.3. Floer homology for Hamiltonian deformation. Let (M,ω) be a symplectically as-
pherical closed 2n-dimensional manifold which means that ω|pi2(M) ≡ 0. Let H : S1×M → R
be a time-dependent Hamiltonian on M and Ht = H(t, ·) ∈ C∞(M,R). The Hamiltonian
vector field XHt is defined by
dHt = −ιXHtω.
An almost complex structure Jt on M is ω-compatible if 〈·, ·〉 := ω(·, Jt·) is a Riemannian
metric ∀t ∈ S1. Let L 0 be the component of contractible loops on M . The Hamiltonian
action is
AH : L 0 → R
AH(x) :=
∫
D2
x∗ω −
∫ 1
0
H(t, x(t))dt,
where x is an extension of x to the unit disk. Since we consider only contractible loops such
an extension exists and because ω|pi2(M) = 0 the action functional does not depend on the
choice of the filling disk. A positive gradient flow line v : R × S1 → M of AH satisfies the
perturbed Cauchy-Riemann equation
∂sv + J(t, v)(∂tv −XH(t, v)) = 0. (2.3)
Formally a positive gradient flow line v ∈“C∞(R,L 0)” is a solution of the “ODE”
∂sv −∇AH(v(s)) = 0.
According to Floer, we interpret this as a solution of the PDE, v ∈ C∞(R×S1,M) satisfying
(2.3).
2.3.1. Sign and grading conventions. The Conley-Zehnder index µCZ(x; τ) ∈ Z of a nondegen-
erate 1-periodic orbit x of XH with respect to a symplectic trivialization τ : x
∗TM → S1×R2n
is defined as follows. The linearized Hamiltonian flow along x with τ defines a path of symplec-
tic matrices Φt, t ∈ [0, 1], with Φ0 = id and Φ1 not having 1 as its spectrum. Then µCZ(x; τ)
is the Maslov index of the path Φt as defined in [21, 22]. For a critical point x of a C
2-small
Morse function H the Conley-Zehnder index with respect to the constant trivialization τ is
related to the Morse index by
µCZ(x; τ) = n− µMorse(x).
We have the following identity
µCZ(x; τ
′) = µCZ(x; τ)− 2c1([τ ′#τ ]),
where c1 is first Chern class and τ means opposite orientation of τ . If c1(M) = 0 we obtain
integer valued Conley-Zehnder indices for all 1-periodic orbits. Without any hypothesis on
c1(M) we still have well-defined Conley-Zehnder indices in Z2 and all the following result hold
with respect to this Z2-grading.
2.3.2. Floer homology. Let P(H) be the set of 1-periodic orbits of XH . Given x± ∈ P(H)
we denote by M̂(x−, x+) the space of solutions of (2.3) with lims→±∞ v(s, t) = x±(t). Its
quotient by the R-action s0 · (s, t) := (s + s0, t) on the cylinder is called the moduli space of
Floer trajectories and is denoted by
M(x−, x+) := M̂(x−, x+)/R
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Assume now that all elements of P(H) are nondegenerate. Suppose further that the almost
complex structure J = (Jt), t ∈ S1 is generic, so that M(x−, x+) is a smooth manifold of
dimension
dimM(x−, x+) = µCZ(x−)− µCZ(x+)− 1.
The boundary operator ∂k : CFk(H)→ CFk−1(H) is defined by
∂x :=
∑
µCZ(y)=k−1
#2M(x, y)y.
It increases the action and satisfies ∂ ◦ ∂ = 0. Hence we can define Floer homology
FH∗(H) = H∗(CF•(H), ∂).
Note that (CF∗(H), ∂) depends on additional data, namely the Hamiltonian H, the symplectic
structure ω, and the almost complex structure Jt.
2.3.3. Continuation map. Floer proved that FH∗(H) depends only on the underlying manifold
M , see [8, 9, 10]. We now give a proof of Floer’s theorem via Morse-Bott methods which is due
to Piunikhin, Salamon and Schwarz [18]. Take two different time-dependent Hamiltonians
H−, H+ ∈ C∞(S1 × M), and choose T > 0 and a smooth family of Hamiltonians Hs :
S1 ×M → R with s ∈ R such that
Hs =
{
H− for s ≤ −T
H+ for s ≥ T.
Now take two different almost complex structures Jt,−, Jt,+, and a smooth family of almost
complex structures Jt,s such that
Jt,s =
{
Jt,− for s ≤ −T
Jt,+ for s ≥ T.
The continuation map between two different time-dependent Hamiltonian
ζ
H+
H− : CF∗(H−)→ CF∗(H+)
is given by counting positive gradient flow lines v ∈“C∞(R,L 0)” of
AHs(x) =
∫
D2
x∗ω −
∫ 1
0
Hs(t, x(t))dt
where, v ∈ C∞(R× S1,M) is a solution of
∂sv + Jt,s(v)(∂tv −XHs(v)) = 0
lims→±∞ v(s) = v± ∈ CritAH± .
}
(2.4)
For critical points v± ∈ CritAH± , we consider the moduli spaces
NH±(v−, v+) = NH±(v−, v+;Hs) = {v : R× S1 →M | v satisfies (2.4)}.
If µCZ(v−) = µCZ(v+) the space NH±(v−, v+) is compact. A crucial ingredient for the com-
pactness proof is, as in the Morse case, a uniform energy bound for v ∈ NH±(v−, v+), see [22]
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for details. The uniform energy bound is given by
E(v) = EJt,s(v) =
∫ ∞
−∞
‖∂sv(s)‖2Jt,sds
=
∫ ∞
−∞
〈∇Jt,sAHs(v(s)), ∂sv(s)〉Jt,sds
=
∫ ∞
−∞
d
ds
AHs(v(s))ds−
∫ ∞
−∞
A˙Hs(v(s))ds
= AH+(v+)−AH−(v−)−
∫ ∞
−∞
∫ 1
0
H˙s(t, v(s, t))dtds
≤ AH+(v+)−AH−(v−) + 2T max
s∈[−T,T ]
(t,x)∈S1×M
|H˙s(t, x)|,
where ‖ · ‖Jt,s is given by
∫ 1
0 ω(·, Jt,s·)dt. Then we can define a linear map
ζ
H+
H− = ζ
H+
H− (Hs) : CF∗(H−)→ CF∗(H+)
v− 7→
∑
v+∈CritAH+
µCZ(v−)=µCZ(v+)
#2NH±(v−, v+)v+
which induces a homomorphism on homology level,
ζ˜
H+
H− : FH∗(H−)→ FH∗(H+).
The resulting homomorphism is independent of the choice of the homotopy Hs and Jt,s by
a homotopy-of-homotopies argument, similar as in the Morse situation. By functoriality, we
conclude that ζ˜
H+
H− is an isomorphism with inverse ζ˜
H−
H+
.
Now consider the special case, where Hamiltonian H ≡ 0 is the zero Hamiltonian. Then
AH(x) = A0(x) =
∫
D2
x∗ω
is the symplectic area functional which is Morse-Bott and
CritA0 = {x ∈ L 0 | x is a constant loop} ∼= M.
This implies that
FH∗(0, f) = HM∗(f) ∼= H∗(M),
where f : M → R is an additional Morse function on the critical manifold CritA0 ∼= M . Note
that H∗(M) is the singular homology of M which only depends on M . Hence we conclude
that Floer homology does not depend on additional structures like ω,H, and Jt.
2.4. Floer homology for symplectic deformation. In the previous subsection, we have
seen that Floer homology is independent of the symplectic structure. In this subsection, we ask
if this fact can also be seen directly by constructing a continuation homomorphism between
two symplectic forms. So far we can only construct the continuation homomorphism for
symplectic deformations under additional assumptions on the symplectic structures. Different
from the case of Hamiltonian deformations, it might be necessary to subdivide the symplectic
deformations in a sequence of small adiabatic steps.
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Let (M, g) be a 2n-dimensional closed Riemannian manifold with two symplectic forms ω0,
ω1. Suppose that (M,ωs) is a family of symplectically aspherical closed manifolds, where
ωs = sω1 + (1− s)ω0 for s ∈ [0, 1]. Then we want to construct a continuation map
Ψω1ω0∗ : CF∗(ω0)→ CF∗(ω1)
which induces an isomorphism on homology level. In order to state and prove our result we
need the term of the cofilling function.
Definition 2.2 (Gromov [12], Polterovich [19]). Let σ ∈ Ω2(M) be a closed weakly exact
2-form, then the cofilling function is
uσ(s) : [0,∞)→ [0,∞)
uσ(s) = uσ,g,x(s) = inf
θ∈Pσ
sup
z∈Bx(s)
|θz|g˜,
where Pσ = {θ ∈ Ω1(M˜) | dθ = σ˜} is the space of primitives for σ and Bx(s) be the s-ball
centered at x ∈ M˜ .
Remark 2.3. If we choose another Riemannian metric g′ on M and a different base point
x′ ∈ M˜ then we can check that uσ,g,x ∼ uσ,g′,x′ . 1 Moreover, since the function uσ,g,x actually
only depends on the projection of x from the universal cover to the compact space M , the
constant can be chosen uniformly in x.
Example 2.4. Let us consider (T2n = R2n/Z2n, ω =
∑n
i=1 dxi∧dyi) with the metric induced
by the standard metric on R2n. Since ω = d(
∑n
i=1 xi ∧ dyi) and
∑n
i=1 xi ∧ dyi has linear
growth on the universal cover R2n, it follows that u(s) . s.
Suppose that there is θ ∈ Ω1(R2n) such that dθ = ω and
sup
z∈Bx(s)
|θz| ≤ Csα
for 0 ≤ α < 1, then we get
pir2 =
∫
Dr
dθ =
∫
∂Dr
θ ≤ max
z∈∂Dr
|θz|
∫
∂Dr
1 ≤ Crα 2pir,
where Dr is a 2-dimensional disk of radius r. This cannot happen as r →∞, thus we conclude
that uω(s) ∼ s.
Example 2.5. Now consider (H2, ω = 1
y2
dx∧dy) with hyperbolic metric ds2 = 1
y2
(dx2 +dy2).
The given symplectic form ω has a bounded primitive 1-form 1ydx which means that u(s) ∼ 1.
It is well-known that a bounded 2-form on Hn with canonical hyperbolic metric has constant
cofilling function, see Gromov [12, 5.B5].
Example 2.6 (Solvable manifold). Let us construct a 3-manifold M fibered over S1 with
fiber T2 with hyperbolic monodromy,
A =
(
2 1
1 1
)
.
Let y, z be the coordinates of the fiber torus, then σ = dy∧ dz is a well-defined 2-form on M .
Note that every primitive of σ on the universal cover has exponential growth, see Appendix
A.
1 f ∼ g ⇐⇒ f . g and g . f , f . g ⇐⇒ ∃ C > 0 such that f(s) ≤ C(g(s) + 1), ∀s ∈ [0,∞).
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Lemma 2.7 (Quadratic isoperimetric inequality). Let (M, g) be a closed Riemannian mani-
fold with closed weakly exact 2-form σ ∈ Ω2(M). If uσ(t) . t, then the quadratic isoperimetric
inequality holds, ∫
D2
v∗σ ≤ C (l(v)2 + 1)
where l(v) =
∫
S1 |∂tv(t)|gdt, v : D2 →M is an extension of the contractible loop v : S1 →M
to the unit disk, and C = C(M, g, σ).
Proof. Since uσ(t) . t, we can choose a 1-form θ ∈ Pσ which has linear growth on the
universal cover and such that maxz∈Bv˜(0)(l(v˜)) |θz|g˜ ≤ uσ(l(v˜)) + 1. Let v˜ : D2 → M˜ be the
lifting of v and set θmax(v˜) = max
z∈v˜(S1)
|θz|g˜. Note that
θmax(v˜) = max
z∈v˜(S1)
|θz|g˜
≤ max
z∈Bv˜(0)(l(v˜))
|θz|g˜
≤ uσ(l(v˜)) + 1
≤ C
2
(l(v˜) + 1),
for some C = C(M, g, σ) ∈ R+. The last inequality uses the fact uσ(t) . t. Then we get∫
D2
v∗σ =
∫
D2
v˜
∗
σ˜
=
∫
D2
v˜
∗
dθ
=
∫
S1
v˜∗θ
≤ θmax(v˜)l(v)
≤ C
2
(
l(v)2 + l(v)
)
≤ C (l(v)2 + 1) .
Let us denote the constant C as the isoperimetric constant. 
Definition 2.8. Let M2n be a closed manifold with a time-dependent Hamiltonian H :
S1 ×M → R. A pair (ω0, ω1) is called a continuation pair on (M,H) if
• (M,ωs) is a symplectically aspherical closed manifold ∀s ∈ [0, 1],
where ωs = ω0 + sσ, σ = ω1 − ω0;
• Aωs = AH,ωs : L 0 → R is Morse, for generic s ∈ [0, 1] and s = 0, 1;
• uσ(t) . t.
Remark 2.9. Let us apply Lemma 2.7 to the continuation pair (ω0, ω1) on M . First set
ωs = ω0 + β(s)σ, σ = ω1 − ω0
CONTINUATION HOMOMORPHISM IN RABINOWITZ FLOER HOMOLOGY 13
where β(s) ∈ C∞(R, [0, 1]) is a cut-off function satisfying β(s) = 1 for s ≥ 1, β(s) = 0 for
s ≤ 0 and 0 ≤ β˙(s) ≤ 2. Then we get∣∣∣∣∫
D2
v∗(ωs − ω0)
∣∣∣∣ ≤ ∣∣∣∣∫
D2
v∗β(s)σ
∣∣∣∣ = β(s) ∣∣∣∣∫
D2
v∗σ
∣∣∣∣
≤ Cβ(s)
[(∫
S1
|∂tv(t)|dt
)2
+ 1
]
.
Note that Cβ(s) is continuous and Cβ(s) = 0 for s ≤ 0. Let us denote the function Cβ(s) as
the isoperimetric constant function.
Theorem 2.10. Let M2n be a closed manifold with a time-dependent Hamiltonian H : S1 ×
M → R. If (ω0, ω1) is a continuation pair on (M,H) then there is a continuation map
Ψω1ω0∗ : CF∗(ω0)→ CF∗(ω1)
which induces an isomorphism
Ψ˜ω1ω0∗ : FH∗(ω0)→ FH∗(ω1).
Proof. First recall the definition of the action functional
AH,ω : L 0 → R
AH,ω(x) =
∫
D2
x∗ω −
∫ 1
0
H(t, x(t))dt,
where x : D2 → M is an extension of the contractible loop x to the unit disk. By the Morse
condition in the definition of the continuation pair (ω0, ω1), we know that ω0, ω1 ∈ Ωsymp(M)
are nondegenerate symplectic forms. This means that every fixed point x ∈ Fixφ1H,ωi is
nondegenerate, where φ1H,ωi : M →M is the time-1-map for the flow of the non-autonomous
Hamiltonian vector field XωiH .
Let us consider
ωs = ω0 + β(s)σ, σ = ω1 − ω0
as in Remark 2.9. We choose further almost complex structure Js,t for ωs. For technical
reasons, we now subdivide ωs into sufficiently small pieces. Let {ωi}Ni=0 be a subdivision of
ωs satisfying
• ωi = ω0 + d(i)σ, where 0 = d(0) < d(1) < · · · < d(N) = 1;
• AH,ωi : L 0 → R is Morse, ∀i = 0, 1, . . . , N ;
• C(M, g, (d(i+ 1)− d(i))σ) ≤ 1/8, ∀i = 0, 1, . . . , N − 1,
where C is the isoperimetric constant.
The above 2nd condition is guaranteed by the generic Morse condition for the continuation
pair (ω0, ω1). By Remark 2.9, we can assume the 3rd condition.
Let ωis = ω
i + β(s)(ωi+1 − ωi) be a homotopy between ωi and ωi+1. Now consider v :
R× S1 →M satisfying the gradient flow equation
∂sv + Js,t(v)(∂tv −Xω
i
s
H (t, v)) = 0, (2.5)
and the limit condition
lim
s→−∞ v(s, t) = v−(t) ∈ CritAH,ωi lims→+∞ v(s, t) = v+(t) ∈ CritAH,ωi+1 . (2.6)
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We then want to define a map
Ψω
i+1
ωi k : CFk(ω
i)→ CFk(ωi+1)
given by
Ψω
i+1
ωi k(v−) =
∑
µCZ(v+)=k
#2Mv−,v+(ωi, ωi+1)v+.
Here,
Mv−,v+(ωi, ωi+1) = {v : R× S1 →M | v satisfies (2.5), (2.6)}.
Because ωs is symplectically aspherical ∀s ∈ R, there is no bubbling. So it suffices to bound
the energy E(v) =
∫∞
−∞‖∂sv‖2sds of v ∈ C∞(R × S1,M) in terms of v−, v+ where, ‖·, ·‖s is
the L2-norm defined by
∫ 1
0 ωs(·, Js·)dt. We first compute
E(v) =
∫ ∞
−∞
‖∂sv‖2sds
=
∫ ∞
−∞
〈∂sv,∇AH,ωis(v)〉sds
=
∫ ∞
−∞
d
ds
AH,ωis(v)ds−
∫ ∞
−∞
A˙H,ωis(v)ds
= AH,ωi+1(v+)−AH,ωi(v−)−
∫ ∞
−∞
A˙H,ωis(v)ds.
So we need to consider the following
∣∣∣∣∫ ∞−∞ A˙H,ωis(v)ds
∣∣∣∣ ≤ ∫ ∞∞ β˙(s)
∣∣∣∣∫
D2
v∗(ωi+1 − ωi)
∣∣∣∣ ds
≤
∫ ∞
−∞
β˙(s)C
(∫
S1
|∂tv|sdt
)2
ds+ C
For some C = C(M, g, (d(i + 1) − d(i))σ). Here |·, ·|s is the norm on M induced by the
Riemannian metric ωs(·, Js·). From the equation (2.5), we get
∂tv = J(s, v)∂sv +X
ωis
H (v). (2.7)
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By putting the above equation (2.7) into the isoperimetric inequality, we obtain∣∣∣∣∫ ∞−∞ A˙H,ωis(v)ds
∣∣∣∣ ≤ ∫ ∞−∞β˙(s)C
(∫
S1
|∂tv|sdt
)2
ds+ C
≤ C
∫ ∞
−∞
β˙(s)‖∂tv‖2sds+ C
= C
∫ ∞
−∞
β˙(s)︸︷︷︸
≤2
〈Js(v)∂sv +Xω
i
s
H (v), Js(v)∂sv +X
ωis
H (v)〉sds+ C
≤ 2C

∫ 1
0
‖∂sv‖2sds+
∫ 1
0
2〈Js∂sv,Xω
i
s
H (v)〉s︸ ︷︷ ︸
≤‖∂sv‖2s+‖Xω
i
s
H (v)‖2s
ds+
∫ 1
0
‖XωisH (v)‖2sds
+ C
≤ 4C
∫ ∞
−∞
‖∂sv‖2sds+ 4C
∫ 1
0
‖XωisH (v)‖2sds+ C
≤ 4C E(v) + 4C c′ + C,
where c′ ∈ R is chosen satisfying ‖XωisH (v)‖2s ≤ c′. This is possible by the compactness of M .
Thus we get
E(v) ≤ AH,ωi+1(v+)−AH,ωi(v−) + 4Cc′ + C︸ ︷︷ ︸
=:c′′
+4C E(v).
Since C = C(M, g, (d(i+ 1)− d(i))σ) ≤ 18 , we finally obtain
E(v) ≤ c′′ + 1
2
E(v)
E(v) ≤ 2c′′.
Now we define the continuation map from ω0 to ω1 by juxtaposition
Ψω1ω0 : CF(ω0)→ CF(ω1)
Ψω1ω0 = Ψ
ωN
ωN−1 ◦ · · · ◦Ψω
2
ω1 ◦Ψω
1
ω0 .
By a standard argument in Floer homology theory, each Ψω
i+1
ωi
commutes with the boundary
operators of the Floer chain complex. This implies that Ψω1ω0 also interchanges the boundary
operators. Hence we get an induced homomorphism
Ψ˜ω1ω0 : FH(M,ω0)→ FH(M,ω1).
In a similar way we can construct
Ψ˜ω0ω1 : FH(M,ω1)→ FH(M,ω0),
by following the homotopy backwards. By a homotopy-of-homotopies argument, we conclude
Ψ˜ω0ω1 ◦ Ψ˜ω1ω0 = idFH(M,ω0) and Ψ˜ω1ω0 ◦ Ψ˜ω0ω1 = idFH(M,ω1). Therefore Ψ˜ω1ω0 is an isomorphism with
inverse Ψ˜ω0ω1 . 
Remark 2.11. In the proof of Theorem 2.10, the quadratic isoperimetric inequality is essen-
tial. One can check that if uω1−ω0(t)  t, the above proof does not work anymore.
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3. Rabinowitz Floer homology
3.1. RFH for the cotangent bundle endowed with its canonical symplectic form.
In this section, we consider the cotangent bundle (T ∗N,ω0 = dλliou) of a closed Riemannian
manifold (N, g) where λliou = p∧ dq is the Liouville 1-form for canonical coordinates (q, p) ∈
T ∗N . On the exact symplectic manifold (T ∗N,λliou), the Liouville vector field X is defined
by ιXω0 = λliou. (T
∗N,λliou) is complete and convex i.e. the following conditions hold:
• There exists a compact subset K ⊂ T ∗N with smooth boundary such that X points
out of K along ∂K;
• The vector field X is complete and has no critical point outside K.
Equivalently, (T ∗N,λliou) is complete and convex since there exists an embedding φ : Σ ×
[1,∞) → T ∗N such that φ∗λ = rαΣ, where r denotes the coordinates on [1,∞) and αΣ is a
contact form, and such that T ∗N \ φ(Σ× (1,∞)) is compact.
Consider now the complete convex exact symplectic manifold (T ∗N,λliou) and the compact
subset DT ∗N ⊂ T ∗N with smooth boundary Σ := ST ∗N = ∂DT ∗N such that λliou|ST ∗N
is a positive contact form with a Reeb vector field R. We abbreviate by L := LT ∗N =
C∞(S1, T ∗N) the free loop space of T ∗N . A defining Hamiltonian for Σ is a smooth function
H : T ∗N → R with regular level set Σ = H−1(0) whose Hamiltonian vector field XH has
compact support and agrees with R along Σ. Given such a Hamiltonian, the Rabinowitz
action functional is defined by
AH : L × R→ R
AH(x, η) :=
∫ 1
0
x∗λ− η
∫ 1
0
H(x(t))dt.
Critical points of AH are solutions of the equations
∂tx(t) = ηXH(x(t)), t ∈ R/Z∫ 1
0 H(x(t))dt = 0.
}
(3.1)
By the first equation H is constant along x, so the second equation implies H(x(t)) ≡ 0.
Since XH = R along Σ, the equations (3.1) are equivalent to
∂tx(t) = ηR(x(t)), t ∈ R/Z
x(t) ∈ Σ, t ∈ R/Z.
}
So there are three types of critical points i.e. closed Reeb orbits on Σ:
• Positively parametrized closed Reeb orbits corresponding to η > 0;
• Negatively parametrized closed Reeb orbits corresponding to η < 0;
• Constant loops on M corresponding to η = 0.
The action of a critical point (x, η) is AH(s, η) = η.
A compatible almost complex structure J on part of the symplectization (Σ×R+, d(rαΣ))
of a contact manifold (Σ, αΣ) is called cylindrical if it satisfies:
• J maps the Liouville vector field r∂r to the Reeb vector field R;
• J preserves the contact distribution kerαΣ;
• J is invariant under the Liouville flow (y, r) 7→ (y, etr), t ∈ R.
For a smooth family (Jt)t∈S1 of cylindrical almost complex structures on (T ∗N,λliou) we
consider the following metric g = gJ on L ×R. Given a point (x, η) ∈ L ×R and two tangent
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vectors (xˆ1, ηˆ1), (xˆ2, ηˆ2) ∈ T(x,η)(L × R) = Γ(S1, x∗T (T ∗N))× R the metric is given by
g(x,η)((xˆ1, ηˆ1), (xˆ2, ηˆ2)) =
∫ 1
0
ω (xˆ1, Jt(x(t))xˆ2) dt+ ηˆ1 · ηˆ2.
The gradient of the Rabinowitz action functional AH with respect to the metric gJ at a point
(x, η) ∈ L × R reads
∇AH(x, η) = ∇JAH(x, η) =
(−Jt(x) (∂tx− ηXH(x))
− ∫ 10 H(x(t))dt
)
.
Hence the positive gradient flow lines are solutions (x, η) ∈ C∞(R× S1, T ∗N)×C∞(R,R) of
the partial differential equation
∂sx+ Jt(x) (∂tx− ηXH(x)) = 0
∂sη +
∫ 1
0 H(x(t))dt = 0
}
.
Then for −∞ < a < b ≤ ∞ the resulting truncated Floer homology groups
RFH(a,b)(Σ, T ∗N) := HM(a,b)(AH , J),
corresponding to action values in (a, b), are well-defined and do not depend on the choice
of the cylindrical J and the defining Hamiltonian H. The Rabinowitz Floer homology of
(Σ, T ∗N) is defined as the limit
RFH∗(Σ, T ∗N) := lim−→
a
lim←−
b
RFH
(−a,b)
∗ (Σ, T ∗N), a, b→∞.
This definition is equivalent to the original one in [3] by [4, Theorem A].
Since the Rabinowitz action functional is defined on the full loop space and the first part
of the differential in the Rabinowitz Floer complex counts topological cylinders, we can split
the Rabinowitz Floer homology into factors labeled by free homotopy classes
RFH(Σ, T ∗N) =
⊕
ν∈[S1,T ∗N ]
RFHν(Σ, T ∗N),
where RFHν(Σ, T ∗N) is the Rabinowitz Floer homology for the Rabinowitz action functional
restricted to L ν = L νT ∗N .
3.1.1. Index and grading convention. LetM be the moduli space of all finite energy gradient
flow lines of the action functional AH : L × R → R. Since AH is Morse-Bott, every finite
energy gradient flow line (v, η) ∈ C∞(R×S1, V )×C∞(R,R) converges exponentially at both
ends to critical points (v±, η±) ∈ Crit(AH) as the flow parameter goes to ±∞. The lineariza-
tion of the gradient flow equation along any path (v, η) inL×R which converges exponentially
to the critical point of AH gives rise to a Fredholm operator DAH(v,η). Let C−, C+ ⊂ Crit(AH)
be the connected component of the critical manifold of AH containing (v−, η−), (v+, η+) re-
spectively. The local virtual dimension of M at a finite energy gradient flow line is defined
to be
virdim(v,η)M := indDAH(v,η) + dimC− + dimC+
where indDAH(v,η) is the Fredholm index of the Fredholm operator indD
AH
(v,η). For generic
compatible almost complex structures, the moduli space of finite energy gradient flow lines is
a manifold and the local virtual dimension of the moduli space at a gradient flow line (v, η)
corresponds to the dimension of the connected component of M containing (v, η).
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To define a Z-grading on RFH(Σ, T ∗N), we need that the local virtual dimension just
depends on the asymptotics of the finite energy gradient flow line. Since the first Chern class
of T ∗N vanishes, it can be shown that the local virtual dimension equals
virdim(v,η)M = µCZ(v+)− µCZ(v−) +
dimC− + dimC+
2
.
In order to deal with the third term it is useful to introduce the following index for the Morse
function h on Crit(AH). We define the signature index ind σh(c) of a critical point c of h to be
ind σh(c) := −
1
2
sign(Hessh(c)).
We define a grading µ on RFC(Σ, T ∗N) = CM(AH , h) by
µ(c) := µCZ(c) + ind
σ
h(c) +
1
2
.
These define a Z-grading on the homology RFH(Σ, T ∗N). We refer to [3, 15] for more details.
3.2. Rabinowitz Floer homology for a twisted cotangent bundle. In the previous
section, we considered an exact symplectic manifold. By the exactness of symplectic form,
there is no need to care about the filling disk of a given loop. In general, twisted symplectic
forms are not exact. In order to define Rabinowitz Floer homology, we need the notions of a
symplectically atoroidal manifold and a virtual restricted contact type hypersurface.
Definition 3.1. A symplectic manifold (M,ω) is called symplectically atoroidal if∫
T2
f∗ω = 0,
for any smooth function f : T2 → T ∗N .
Remark 3.2. Since there is a map g : T2 → S2 of non vanishing degree, symplectically
atoroidal implies symplectically aspherical.
Lemma 3.3 (Merry [14]). Let σ ∈ Ω2(N) be a weakly exact 2-form and uσ ∼ 1, then f∗σ is
exact for any smooth map f : T2 → N .
Proof. Consider G := f∗(pi1(T2)) ≤ pi1(N). Then G is amenable, since pi1(T2) = Z2, which
is amenable. Now Lemma 5.3 in [17] tells us that since ‖θ‖∞ < ∞, we can replace θ by a
G-invariant primitive θ′ of σ˜, which descends to a primitive θ′′ ∈ Ω1(T2) of f∗σ. 
Remark 3.4. Given a free homotopy class ν ∈ [S1, T ∗N ], fix a reference loop vν = (qν , pν) ∈
L νT ∗N . Let Z be a cylinder S
1× [0, 1] with two boundary components ∂′Z with the boundary
orientation and ∂′′Z with the opposite boundary orientation. Choose v : Z → T ∗N any
smooth map such that v|∂′Z = v and v|∂′′Z = vν . Then thanks to the previous lemma,
the integral
∫
Z v
∗τ∗σ is independent of the choice of v. Similarly given any q ∈ L τνN , let
q : Z → N denote any smooth map such that q|∂′Z = q and q|∂′′Z = qν . Then the integral∫
Z q
∗σ is independent of the choice of q. Note that in particular if q = τ ◦ v then∫
Z
v∗τ∗σ =
∫
Z
q∗σ.
In particular, let σ ∈ Ω2(N) be a weakly exact 2-form satisfying uσ ∼ 1, then the twisted
cotangent bundle (T ∗N,ωσ) is a symplectically atoroidal manifold. Moreover, the Rabinowitz
action functional
Aωσ : L × R→ R
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Aωσ(v, η) := AH,ωσ(v, η) =
∫
Z
v∗ωσ − η
∫ 1
0
H(v(t))dt
is well-defined, independent of the choice of v. In the special case, where ν = 0 is the trivial
free homotopy class we choose vν just a constant loop. In this case the cylinder Z can be
replaced by a filling disk D2 for the loop v.
Definition 3.5. A closed hypersurface Σ in a symplectic manifold (M,ω) is called virtually
contact, if there is a covering p : M̂ →M and a primitive λ ∈ Ω1(Σ̂) of p∗ω such that
sup
x∈Σ̂
|λx| ≤ C <∞, inf
x∈Σ̂
λ(R) ≥ µ > 0, (3.2)
where | · | is the lifting of a metric on Σ and R is the pullback of a vector field generating
ker(ω|Σ).
Definition 3.6. A closed hypersurface Σ in a symplectic manifold (M,ω) is called virtual
restricted contact, if there is a covering p : M̂ → M and a primitive λ ∈ Ω1(M̂) of p∗ω such
that λ satisfy (3.2) again on Σ̂.
Remark 3.7. A virtual restricted contact homotopy is a smooth homotopy (Σt, λt) ⊂ (M,ω)
of virtual restricted contact hypersurfaces with the corresponding 1-forms on the covers such
that the preceding conditions hold with constants C, µ independent of t. RFH(Σ,M) is defined
for each virtual restricted contact hypersurface Σ and is invariant under virtual restricted
contact homotopies. For a twisted cotangent bundle (T ∗N,ωσ) with any k ∈ R above Man˜e´
critical value c = c(g, σ, U) the hypersurface Σk = H
−1
U (k) ⊂ T ∗N is virtual restricted contact,
see [6].
4. Continuation homomorphism in RFH for symplectic deformations
Let us begin with the defining Hamiltonian H of the virtual restricted contact hypersurface
Σk ⊂ T ∗N
H := HU,k,ξ = βξ ◦ (HU − k)
where, βξ(t) is a smooth cut-off function satisfying 0 ≤ β˙ξ ≤ 1,
βξ(t) =
 t if |t| ≤ ξ − ξ if t ≥ ξ + −ξ if −t ≥ ξ +  ,  = min {1/3, ξ/3} .
Now we define the Rabinowitz action functional given by
Aωσ : L × R→ R
Aωσ(v, η) := AH,ωσ(v, η) =
∫
Z
v∗ωσ − η
∫ 1
0
H(v(t))dt,
where v, Z are given in Remark 3.4.
In this section, we consider the canonical cotangent bundle (T ∗N,ω0) and the twisted
cotangent bundle (T ∗N,ωσ) with the virtual restricted contact hypersurface Σk = H−1(0) =
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H−1U (k) where k > c(g, σ, U) and HU (q, p) =
1
2 |p|2g + U(q). For convenience, let us define the
following sets
M(N) = {σ ∈ Ω2(N) | σ˜ = dθ, ‖θ‖∞ <∞};
ΩM(T ∗N) = {ωσ ∈ Ω2(T ∗N) | σ ∈M(N)};
ΩM(Σk) = {ωσ ∈ ΩM(T ∗N) | k > c(g, σ, U)};
ΩMreg(Σk) = {ωσ ∈ ΩM(Σk) | Aωσ : L × R→ R is Morse-Bott}.
Note that ΩM(Σk) is convex. Indeed this follows from the following estimate for t ∈ [0, 1] and
for primitives θ1 and θ2
|tθ1 + (1− t)θ2|2 ≤ t2|θ1|2 + 2t(1− t)|θ1||θ2|+ (1− t)2|θ2|2
≤ t2|θ1|2 + t(1− t)|θ1|2 + t(1− t)|θ2|2 + (1− t)2|θ2|2
= t|θ1|2 + (1− t)|θ2|2.
It is known that for surfaces and vanishing potential the set ΩMreg(Σk) is dense in Ω
M(Σk)
thanks to work of Miranda, see [16]. In higher dimensions this seems to be an open problem,
although it would be very surprising if it failed.
For a pair (ω0, ωσ) of Ω
M
reg(Σk), we construct the continuation homomorphism
Ψ˜ωσω0 ∗ : RFH∗(Σk, ω0)→ RFH∗(Σk, ωσ),
by counting solutions of an s-dependent Rabinowitz Floer equation. Before the construction,
we must check the L∞-bound of the Lagrange multiplier η in the case of a twisted cotangent
bundle with virtual restricted contact hypersurface. The proof of the following proposition
proceeds as [3] for the restricted contact type case. It was already used with no explicit proof
in [6]. For the readers convenience we include a proof here.
Proposition 4.1. Let (T ∗N,ωσ) be a twisted cotangent bundle with a virtual restricted contact
hypersurface Σk = H
−1(0) where k > c. Then there exist constants  > 0 and c < ∞ such
that the following holds
‖∇Aωσ(v, η)‖ ≤  =⇒ |η| ≤ c(|Aωσ(v, η)|+ 1). (4.1)
Before embarking on the proof of the Proposition 4.1, we first explain as a warm-up an
extremal case of it, namely instead of looking at almost critical points we consider critical
points themselves.
Lemma 4.2. Under the same assumptions as in Proposition 4.1 for (v, η) ∈ Crit(Aωσ |L 0×R)
we have
|Aωσ(v, η)| ≥
|η|
c′
where c′ > 0.
Proof. Since we are considering the component of contractible loops we only have to choose
a filling disc v : D2 → T ∗N for the loop v. Inserting (3.1) into Aωσ and using the assumption
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of virtual restricted contact type
|Aωσ(v, η)| =
∣∣∣∣∫
D2
v∗ωσ
∣∣∣∣ = ∣∣∣∣∫
D2
v˜
∗
pi∗ωσ
∣∣∣∣ = ∣∣∣∣∫
D2
v˜
∗
dλσ
∣∣∣∣ = ∣∣∣∣∫
S1
v˜∗λσ
∣∣∣∣
=
∣∣∣∣∫ 1
0
λσ(∂tv˜)
∣∣∣∣ = ∣∣∣∣∫ 1
0
λσ(ηX˜
ωσ
H (v˜))
∣∣∣∣
=
∣∣∣∣η ∫ 1
0
λσ(X˜
ωσ
H (v˜))
∣∣∣∣
≥ |η|
c′
(4.2)
where v˜, X˜ωσH are lifts of v, X
ωσ
H respectively to the cover pi : Σ˜ → Σ. The constant c′ > 0
exists by the second inequality in (3.2). 
Proof of Proposition 4.1. The proof consists of 4 steps.
Step 1 : There exist δ > 0, a constant c′ > 0, a covering p : M̂ →M = T ∗N and a primitive
λ ∈ Ω1(M̂) of p∗ωσ such that on Uδ = H−1(−δ, δ) we have the estimates λ(X˜ωσH ) > 12c′ + δ
and ||λ||∞ <∞ where the L∞-norm is taken with respect to the lift of a metric on N .
The assertion of Step 1 is surely true for δ = 0 for a primitive λ0 ∈ Ω1(M̂) just by defi-
nition of virtual restricted contact type. Let Σ̂k = p
−1(Σk) be the lift of Σk. Thank to the
bounds in the virtual contact assumption we can find  > 0 and a diffeomorphism Ψ from
Σ̂k × (−, ) to an open neighbourhood U of Σ̂k in M̂ such that Ψ pulls back the symplectic
form ωσ on U to the symplectic form ω = d(rλ0|Σ̂k) on Σ̂k × (−, ). Now choose δ > 0 so
small that Uδ ⊂ Ψ
(
Σ̂k × (−/2, /2)
)
and the bounds required in Step 1 hold for Ψ∗λ1 with
λ1 = rλ0|Σ̂k . Since λ1 and Ψ∗λ0 are two primitives of Ψ∗ωσ which coincide on Σ̂k we conclude
that there exists a function f ∈ C∞(Σ̂k × (−, )) such that λ1 = Ψ∗λ0 + df . Now choose
a cutoff function β ∈ C∞(Σ̂k × (−, )) with the property that β(x, r) = 1 for x ∈ Σ̂k and
|r| ≤ /2 and β(x, r) = 0 if r ≥ 3/4. Finally set λ = λ0 + Ψ∗d(βf) on Ψ
(
Σ̂k × (−, )
)
. This
finishes the proof of Step 1. For the next step we fix ν ∈ [S1, T ∗N ].
Step 2 : There exist δ > 0 and a constants cδ < ∞ and aν ∈ R with the following property.
For every (v, η) ∈ L ν ×R such that v(t) ∈ Uδ = H−1(−δ, δ) for every t ∈ R/Z, the following
estimate holds:
|η| ≤ 2c′|Aωσ(v, η)|+ cδ‖∇Aωσ(v, η)‖+ 2c′|aν |.
Let c′, δ and λ be as in Step 1 and set
cδ = 2c
′‖λ|pi−1(Uδ)‖∞ <∞. (4.3)
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We estimate
|Aωσ(v, η)| =
∣∣∣∣∣∣∣∣
∫ 1
0
λ(v˜)(∂tv˜)−
∫ 1
0
λ(v˜ν)(∂tv˜ν)︸ ︷︷ ︸
:=aν
−η
∫ 1
0
H(v(t))dt
∣∣∣∣∣∣∣∣
=
∣∣∣∣η ∫ 1
0
λ(v˜)(X˜ωσH (v˜)) +
∫ 1
0
λ(v˜)(∂tv˜ − ηX˜ωσH (v˜))− aν − η
∫ 1
0
H(v(t))dt
∣∣∣∣
≥
∣∣∣∣η ∫ 1
0
λ(v˜)(X˜ωσH (v˜))
∣∣∣∣− ∣∣∣∣∫ 1
0
λ(v˜)(∂tv˜ − ηX˜ωσH (v˜))
∣∣∣∣− ∣∣∣∣η ∫ 1
0
H(v(t))dt
∣∣∣∣− |aν |
≥ |η|
(
1
2c′
+ δ
)
− cδ
2c′
‖∂tv˜ − ηX˜ωσH (v˜)‖1 − |η|δ − |aν |
≥ |η|
2c′
− cδ
2c′
‖∂tv˜ − ηX˜ωσH (v˜)‖2 − |aν |
≥ |η|
2c′
− cδ
2c′
‖∇Aωσ(v, η)‖ − |aν |,
where vν ∈ L ν is a reference loop defined in Remark 3.4. This proves Step 2.
Step 3 : For each δ > 0, there exists  = (δ) > 0 such that if ‖∇Aωσ(v, η)‖ ≤  then
v(t) ∈ Uδ for every t ∈ [0, 1].
First assume that v ∈ L has the property that there exist t0, t1 ∈ R/Z such that |H(v(t0))| ≥
δ and |H(v(t1))| ≤ δ/2. We claim that
‖∇Aωσ(v, η)‖ ≥
δ
2κ
(4.4)
for every η ∈ R, where
κ := max
x∈Uδ
‖∇H(x)‖.
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To see this, assume without loss of generality that t0 < t1 and δ/2 ≤ |H(v(t))| ≤ δ for all
t ∈ [t0, t1]. Then we estimate
‖∇Aωσ(v, η)‖ ≥
√∫ 1
0
‖∂tv − ηXωσH (v)‖2dt
≥
∫ 1
0
‖∂tv − ηXωσH (v)‖dt
≥
∫ t1
t0
‖∂tv − ηXωσH (v)‖dt
≥ 1
κ
∫ t1
t0
‖∇H(v)‖ · ‖∂tv − ηXωσH (v)‖dt
≥ 1
κ
∫ t1
t0
|〈∇H(v), ∂tv − ηXωσH (v)〉|dt
=
1
κ
∫ t1
t0
|〈∇H(v), ∂tv〉|dt
=
1
κ
∫ t1
t0
|dH(v)∂tv|dt
=
1
κ
∫ t1
t0
|∂tH(v)|dt
≥ 1
κ
∣∣∣∣∫ t1
t0
∂tH(v)dt
∣∣∣∣
=
1
κ
|H(v(t1))−H(v(t0))|
≥ 1
κ
(|H(v(t1))| − |H(v(t0))|)
≥ δ
2κ
.
Now assume that v ∈ L has the property that v(t) ∈ T ∗N \ Uδ/2 for every t ∈ [0, 1]. In this
case we estimate
‖∇Aωσ(v, η)‖ ≥
∣∣∣∣∫ 1
0
H(v(t))dt
∣∣∣∣ ≥ δ2 (4.5)
for every η ∈ R. From (4.4) and (4.5) Step 3 follows with
 =
δ
2 max{1, κ} .
Step 4 : We prove the proposition.
Choose δ as in Step 1,  = (δ) as in Step 3 and
c = max{2c′, 2cδ, 4c′|aν |}.
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Assume that ‖∇Aωσ(v, η)‖ ≤  then
|η| ≤ 2c′|Aωσ(v, η)|+ cδ‖∇Aωσ(v, η)‖+ 2c′|aν | ≤ c(|Aωσ(v, η)|+ 1).
This proves the Proposition 4.1. 
Remark 4.3. A careful inspection of the proof of Proposition 4.1 shows that the constant
c′, δ, cδ, (δ), and c continuously depend on the 2-form σ ∈ Ω2(M). In particular, Proposition
4.1 can be extended to families of symplectic forms.
Lemma 4.4 (Linear isoperimetric inequality). Let σ ∈ Ω2(N) be a weakly exact 2-form and
uσ ∼ 1, then ∫
Z
q∗σ ≤ C
(∫ 1
0
|∂tq|dt+ 1
)
where, q, Z are the same as in Remark 3.4 and C = C(N, g, σ, qν).
Proof. The proof uses the same argument as in Lemma 2.7. Let q˜ : Z → N˜ be the lifting of
q to the universal cover and θ ∈ Ω1(N˜) be a bounded primitive of σ˜ as in Lemma 3.3. Then
we get ∫
Z
q∗σ =
∫
Z
q˜
∗
σ˜
=
∫
Z
q˜
∗
dθ
=
∫
R
q˜∗θ
≤
∣∣∣∣∫ 1
0
q˜∗θ
∣∣∣∣+ ∣∣∣∣∫ 1
0
q˜∗νθ
∣∣∣∣+ ∣∣∣∣∫ 1
0
r∗θ
∣∣∣∣+ ∣∣∣∣∫ 1
0
r∗θ
∣∣∣∣
≤ ‖θ‖∞
(∫ 1
0
|∂tq|dt+
∫ 1
0
|∂tqν |dt+
∫ 1
0
|∂tr|dt+
∫ 1
0
|∂tr|dt
)
,
where R is a rectangle in N˜ which consists of q˜, q˜ν , r, and r. Here, r : [0, 1] → N˜ is a path
from q˜(0) to q˜ν(0) and r : [0, 1] → N˜ is a path from q˜(1) to q˜ν(1). Since
∫
Z q
∗σ does not
depend on the choice of Z, we may assume that r, r are length minimizing curves on N˜ . This
implies that r, r are geodesics contained in a fundamental domain in N˜ or∫ 1
0
|∂tr|dt ≤ diam(N),
∫ 1
0
|∂tr|dt ≤ diam(N).
Set C = max
{
‖θ‖∞, 2‖θ‖∞
∫ 1
0 |∂tqν |dt, 4‖θ‖∞diam(N)
}
then we get the conclusion. 
Remark 4.5. Note that C converges to 0 as |σ|g → 0.
Remark 4.6. If we consider the family of symplectic forms on T ∗N
ωs = ω0 + β(s)τ
∗σ ∈ ΩM(Σk), ∀s ∈ R,
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where β(s) ∈ C∞(R, [0, 1]) is a cut-off function satisfying β(s) = 1 for s ≥ 1, β(s) = 0 for
s ≤ 0, and 0 ≤ β˙(s) ≤ 2, then we obtain the estimate∣∣∣∣∫
Z
v∗ω˙s
∣∣∣∣ ≤ ∣∣∣∣∫
Z
v∗β˙(s)τ∗σ
∣∣∣∣
= β˙(s)
∣∣∣∣∫
Z
v∗τ∗σ
∣∣∣∣
≤ Cβ˙(s)
(∫
S1
|∂tv(t)|dt+ 1
)
,
for some C = C(N, g, σ, qν) given in Lemma 4.4.
Proposition 4.7. Let w = (v, η) ∈ C∞(R× S1, T ∗N)× C∞(R,R) be a gradient flow line of
Aω(s)(v, η) := AH,ωs(v, η) =
∫
Z
v∗ωs − η
∫ 1
0
H(x(t))dt
i.e. a solution of
∂sv + Jt,s(v)
(
∂tv − ηXωsH (v)
)
= 0
∂sη +
∫ 1
0 H(v(t))dt = 0
}
(4.6)
lim
s→−∞w(s) = w− ∈ CritAω(0), lims→∞w(s) = w+ ∈ CritAω(1),
where ωs is same as in Remark 4.6. If |σ|g is sufficiently small then the L∞-norm of η is
uniformly bounded in terms of a constant which only depends on w−, w+.
Proof. We prove the proposition in three steps.
Step1 : Let us first bound the energy of w in terms of ‖η‖∞.
E(w) =
∫ ∞
−∞
‖∂sw‖2sds
=
∫ ∞
−∞
〈∂sw,∇Aω(s)(w)〉sds
=
∫ ∞
−∞
d
ds
Aω(s)(w)ds−
∫ ∞
−∞
A˙ω(s)(w)ds
= Aω(1)(w+)−Aω(0)(w−)−
∫ ∞
−∞
A˙ω(s)(w)ds.
(4.7)
We estimate the third term by∣∣∣∣∫ ∞−∞A˙ω(s)(w)ds
∣∣∣∣ ≤ ∫ ∞−∞
∣∣∣A˙ω(s)(w)∣∣∣ ds
=
∫ ∞
−∞
β˙(s)
∣∣∣∣∫
Z
v∗τ∗σ
∣∣∣∣ ds
≤
∫ ∞
−∞
β˙(s)C
(∫
S1
|∂tv|t,sdt+ 1
)
ds,
(4.8)
where C is the isoperimetric constant in Remark 4.6 and | · |t,s is the norm on T ∗N induced
by the Riemannian metric ωs(·, Jt,s·). From the gradient flow equation (4.6) we get
∂tv = Jt,s(v)∂sv + ηX
ωs
H (v).
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By putting this into (4.8), we then obtain∫ ∞
−∞
∣∣∣A˙ω(s)(w)∣∣∣ ds ≤ ∫ ∞
−∞
β˙(s)C
(∫
S1
|∂tv|t,sdt+ 1
)
ds
≤
∫ ∞
−∞
β˙(s)C
(∫
S1
|Jt,s(v)∂sv + ηXωsH (v)|t,sdt+ 1
)
ds
≤
∫ ∞
−∞
β˙(s)︸︷︷︸
≤2
C
(∫
S1
(|∂sv|t,s + |η| |XωsH (v)|t,s) dt+ 1) ds
≤ 2C
∫ 1
0
(∫
S1
(|∂sv|2t,s + 1 + |η| |XωsH (v)|t,s) dt+ 1) ds
≤ 2CE(v) + 4C + 2C‖η‖∞c′′
≤ 2CE(w) + 4C + 2C‖η‖∞c′′,
(4.9)
where c′′ = max s∈[0,1]
v∈T∗N
|XωsH (v)|t,s. Note that the maximum is attained, since by the assump-
tion dH has compact support. Now by substituting the above equation into (4.7), we get
E(w) = Aω(1)(w+)−Aω(0)(w−)−
∫ ∞
−∞
A˙ω(s)(w)ds
≤ Aω(1)(w+)−Aω(0)(w−) + 2CE(w) + 4C + 2C‖η‖∞c′′
(4.10)
By choosing σ ∈ Ω2(M) with sufficiently small norm, we may assume that the isoperimetric
constant C is less than 14 . For simplicity, set ∆ = Aω(1)(w+)−Aω(0)(w−), then we get
E(w) ≤ 2Aω(1)(w+)− 2Aω(0)(w−) + 8C + 4C‖η‖∞c′′
= 2∆ + 8C + 4C‖η‖∞c′′.
(4.11)
This finishes Step1.
Step2 : Let  be as in Proposition 4.1 and Remark 4.3. For l ∈ R let τ(l) ≥ 0 be defined
by
τ(l) := inf{τ ≥ 0 : ‖∇Aω(s)((v, η)(l + τ))‖s < }.
In this step we bound τ(l) in terms of ‖η‖∞ for all l ∈ R. Namely
E(w) =
∫ ∞
−∞
‖∂sw‖2sds
=
∫ ∞
−∞
‖∇Aω(s)‖2sds
≥
∫ l+τ(l)
l
‖∇Aω(s)‖2s︸ ︷︷ ︸
≥2
ds
≥ 2τ(l)
Step1 and the above estimate finish Step2.
Step3 : We prove the proposition.
First set
‖H‖∞ = max
x∈T ∗N
|H(x)|, K = max{−Aω(0)(w−),Aω(1)(w+)}.
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By definition of τ(l), we obtain ‖∇Aω(s)((v, η)(l + τ(l)))‖s < . Now we are able to use
Proposition 4.1 and get the following estimate by using (4.1), (4.9) and (4.10)
|η(l + τ(l))| ≤ c(|Aω(s)(w(l + τ(l)))|+ 1)
≤ c
(
K +
∫ ∞
−∞
∣∣∣A˙ω(s)∣∣∣ ds+ 1)
≤ c (K + 2CE(w) + 4C + 2C‖η‖∞c′′ + 1)
≤ c (K + 4C∆ + 16C2 + 8C2‖η‖∞c′′ + 4C + 2C‖η‖∞c′′ + 1) .
(4.12)
By Step2 and (4.10), we obtain the following inequalities∣∣∣∣∣
∫ l+τ(l)
l
η˙(s)ds
∣∣∣∣∣ ≤
∣∣∣∣∣
∫ l+τ(l)
l
∫ 1
0
H(v(t))dt ds
∣∣∣∣∣
≤ ‖H‖∞τ(l)
≤ ‖H‖∞E(w)
2
≤ ‖H‖∞
2
(2∆ + 8C + 4C‖η‖∞c′′).
(4.13)
Combining the above two estimates (4.12), (4.13), we conclude
|η(l)| ≤ |η(l + τ(l))|+
∣∣∣∣∣
∫ l+τ(l)
l
η˙(s)ds
∣∣∣∣∣
≤ c (K + 4C∆ + 16C2 + 8C2‖η‖∞c′′ + 4C + 2C‖η‖∞c′′ + 1)
+
‖H‖∞
2
(2∆ + 8C + 4C‖η‖∞c′′)
=
(
8cc′′C + 2cc′′ +
4c′′‖H‖∞
2
)
C︸ ︷︷ ︸
=:K′
‖η‖∞
+ cK + 4cC∆ + 16cC2 + 4cC + c+
2‖H‖∞∆
2
+
8C‖H‖∞
2︸ ︷︷ ︸
=:K′′
.
Since the above estimate holds for all l ∈ R
‖η‖∞ ≤ K ′‖η‖∞ +K ′′.
We can achieve that the isoperimetric constant C satisfies
C ≤ 1
4
and K ′ ≤ 1
2
(4.14)
by choosing σ ∈ Ω2(M) with small norm. This proves the proposition. 
Lemma 4.8. Assume that the isoperimetric constant C is sufficiently small, then the follow-
ing holds true. Suppose that w = (v, η) ∈ C∞(R×S1, T ∗N)×C∞(R,R) is a gradient flow line
of the time dependent gradient ∇Aω(s) which converges asymptotically lims→±w(s) = w± to
critical points of Aω(1),Aω(0) respectively such that a = Aω(0)(w−) and b = Aω(1)(w+). Then
the following assertions meet
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(1) If a ≥ 19 , then b ≥ a2 ;
(2) If b ≤ −19 , then a ≤ b2 .
Proof. By the previous proposition, we obtained the following uniform bound of η
‖η‖∞ ≤ 2K ′′
= 2cK + 8cC∆ + 32cC2 + 8cC + 2c+
4‖H‖∞∆
2
+
16C‖H‖∞
2
.
Moreover, since E(w) ≥ 0 we obtain from (4.11) the inequality
b ≥ a− 4C − 2C‖η‖∞c′′.
By taking a small isoperimetric constant C satisfying
Ccc′′ ≤ 1
32
;
C
(
2cC +
‖H‖∞
2
)
c′′ ≤ 1
128
;
C
(
1 + 16cc′′C2 + 4cc′′C + cc′′ +
8c′′C‖H‖∞
2
)
≤ 1
144
;
(4.15)
we now get
b ≥ a− 4C − 2C‖η‖∞c′′
≥ a− 4C − 2C
(
2cK + 8cC∆ + 32cC2 + 8cC + 2c+
4‖H‖∞∆
2
+
16C‖H‖∞
2
)
c′′
= a− 4Ccc′′K − 8C
(
2cC +
‖H‖∞
2
)
c′′∆
− 4C
(
1 + 16cc′′C2 + 4cc′′C + cc′′ +
8c′′C‖H‖∞
2
)
≥ a− 1
8
K − 1
16
(b− a)− 1
36
,
(4.16)
where K = max{−a, b}. To prove the assertion (1), we first consider the case
|b| ≤ a, a ≥ 1
9
.
In this case, we estimate
b ≥ a− 1
8
a− 1
8
a− 1
36
=
3
4
a− 1
36
≥ a
2
.
Hence to prove the assertion (1), it suffices to exclude the case
−b ≥ a ≥ 1
9
.
But in this case, (4.16) leads to a contradiction in the following way
b ≥ 1
9
+
1
72
− 1
16
(b− a)− 1
36
≥ − 1
16
(b− a) > 0.
This proves the first assertion. To prove the assertion (2), we set
b′ = −a, a′ = −b.
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We note that if (4.16) holds for a and b, it also holds for b′ and a′. Hence we get from the
assertion (1) the implication
−b ≥ 1
9
=⇒ −a ≥ − b
2
which is equivalent to the assertion (2). This finishes the proof of the Lemma. 
Proof of Theorem 1.4. We now construct the continuation homomorphism
Ψωσω0 : RFH(Σk, ω0 = dp ∧ dq)→ RFH(Σk, ωσ = dp ∧ dq + τ∗σ)
for ω0, ωσ ∈ ΩMreg(Σk). Similar as in Theorem 2.10, we first subdivide
ωs = ω0 + s(ωσ − ω0)
into small pieces. We first assume that we can find a subdivision {ωi}Ni=0 of ωs satisfying
• ωi = ω0 + d(i)τ∗σ, where 0 = d(0) < d(1) < · · · < d(N) = 1;
• AH,ωi : L × R→ R is Morse-Bott, ∀i = 0, 1, . . . , N ;
• C(M, g, (d(i+ 1)− d(i))σ, vν) satisfies (4.14), (4.15), ∀i = 0, 1, . . . , N − 1.
Let ωis = ω
i + β(s)(ωi+1 − ωi) be a homotopy between ωi and ωi+1. First we construct the
following continuation map
Ψ˜ω
i+1
ωi : RFH(Σk, ω
i)→ RFH(Σk, ωi+1).
Since the action functional AH,ωi is Morse-Bott, the construction is given by counting gradient
flow lines with cascades as in the Morse-Bott homology. Let us choose Morse functions hi on
Crit(AH,ωi). We then define a map
Ψω
i+1
ωi ∗ : RFC∗(Σk, ω
i)→ RFC∗(Σk, ωi+1)
given by
Ψω
i+1
ωi (w−) =
∑
µ(w+)=µ(w−)
#2Mωi+1ωi (w−, w+)w+,
where w− ∈ Crit(hi), w+ ∈ Crit(hi+1) and #2 denotes the Z2-counting. Here,
M̂ωi+1ωi,m(w−, w+) = {w | w is a flow line with m-cascades from w− to w+};
Mωi+1ωi,m(w−, w+) = M̂ω
i+1
ωi,m(w−, w+)/R
m;
Mωi+1ωi (w−, w+) =
⋃
m∈N0
Mωi+1ωi,m(w−, w+).
The main issue of this construction is also the uniform bound of E(w). As in the Morse-
Bott homology situation, it suffices to check that each gradient flow line has a uniform energy
bound. For this reason, we now only consider the following uniform energy bound. Let
w′ = (v′, η′) ∈ C∞(R× S1, T ∗N)× C∞(R,R)
be a gradient flow line of
Aωis(v, η) =
∫
Z
v∗ωis − η
∫ 1
0
H(x(t))dt
i.e. a solution of
∂sv + Jt,s(v)
(
∂tv − ηXω
i
s
H (v)
)
= 0
∂sη +
∫ 1
0 H(x(t))dt = 0
}
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lim
s→−∞w
′(s) = w′− ∈ CritAωi , lims→∞w
′(s) = w′+ ∈ CritAωi+1 .
To achieve a uniform energy bound of w′, let us recall the equation (4.10) in Proposition 4.7
E(w′) ≤ Aωi+1(w′+)−Aωi(w′−) + 2CE(w′) + 4C + 2C‖η′‖∞c′′.
Since the isoperimetric constant C satisfies the condition (4.14), we get the following uniform
bound of the Lagrangian multiplier η′
‖η′‖∞ ≤ 2K ′′
and
E(w′) ≤ 2∆ + 8C + 4C‖η′‖∞c′′
≤ 2∆ + 8C + 8Cc′′K ′′,
where the coefficients are the same as in Proposition 4.7. Hence we conclude E(w′) is uni-
formly bounded.
Now, by virtue of Lemma 4.8, we obtain for a ≤ −19 and b ≥ 19 maps
Ψ
ωi+1(a,b)
ωi : RFC
(a
2
,b)(Σk, ωi)→ RFC(a,
b
2
)(Σk, ωi+1)
defined by counting gradient flow lines of the time dependent Rabinowitz action functional.
Since the continuation map Ψ
ωi+1(a,b)
ωi commutes with the boundary operators, this induces
the following homomorphism on homology level.
Ψ˜
ωi+1(a,b)
ωi : RFH
(a
2
,b)(Σk, ωi)→ RFH(a,
b
2
)(Σk, ωi+1)
By taking the inverse and direct limit as follows
RFH∗(Σk, ωi) = lim
b→∞
lim
a→−∞RFH
(a,b)
∗ (Σk, ωi),
we obtain
Ψ˜
ωi+1
ωi : RFH(Σk, ωi)→ RFH(Σk, ωi+1).
Similar in usual Floer homology, we can define the continuation homomorphism by juxtapo-
sition
Ψ˜ωσω0 : RFH(Σk, ω0)→ RFH(Σk, ωσ)
Ψ˜ωσω0 = Ψ˜
ωN
ωN−1 ◦ · · · ◦ Ψ˜ω
2
ω1 ◦ Ψ˜ω
1
ω0 .
In a similar way, we can construct
Ψ˜ω0ωσ : RFH(Σk, ωσ)→ RFH(Σk, ω0),
by following the homotopy backwards. By a homotopy-of-homotopies argument, we conclude
Ψ˜ω0ωσ ◦ Ψ˜ωσω0 = idRFH(Σk,ω0) and Ψ˜ωσω0 ◦ Ψ˜ω0ωσ = idRFH(Σk,ωσ). Therefore Ψ˜ω1ω0 is an isomorphism
with inverse Ψ˜ω0ω1 .
It remains to discuss the case where the corresponding subdivision {ωi}Ni=0 of ωs does not
exist. The issue is the assertion about Morse-Bott which in higher dimensions is not known
to hold for generic choice of the magnetic field. In this case we can perturb Rabinowitz action
functional by an additional non-physical perturbation already used in [6]. Namely choose
a compactly supported time-dependent Hamiltonian F ∈ C∞(T ∗N × S1) and consider the
perturbed Rabinowitz action functional AFω ∈ L × R→ R defined by
AFω (v, η) = Aω(v, η) +
∫ 1
0
F (v(t), t)dt.
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For generic perturbation F the perturbed Rabinowitz action functional is Morse, see [6].
Moreover, the difference Aω −AFω is uniformly bounded by the Hofer norm of the perturba-
tion F . By choosing a small enough perturbation all our previous estimates hold up to an
arbitrarily small error term. This procedure allows us to construct a continuation homomor-
phism between the two Rabinowitz Floer homologies in the unlikely case where we cannot
directly interpolate between the two symplectic forms. 
Appendix A. Cofilling function in Example 2.6
In this appendix, we will give more detailed explanation about Example 2.6. We follow the
idea of geometric group theory listed in [7].
Proof of Example 2.6. Let us recall the 3-manifold M in Example 2.6, fibered over S1 with
fiber T2 with hyperbolic monodromy
A =
(
2 1
1 1
)
.
Let y, z be the coordinates of the fiber torus, then σ = dy ∧ dz is a well-defined 2-form on
M . In order to show the exponential growth of the cofilling function uσ, we now consider the
group G generated by the following action on R3:
α : (x, y, z) 7→ (x+ 1, A(y, z));
β : (x, y, z) 7→ (x, y + 1, z);
γ : (x, y, z) 7→ (x, y, z + 1).
Note that the quotient space G \ R3 is the manifold M with the universal covering map
p : R3 → M . Since there exists a Riemannian metric g on M , we get the pullback metric
g˜ = p∗g on R3 = M˜ which is invariant under the action of the group G. Especially we choose
a metric g satisfying the condition that g˜ has length 1 for the following edges in M˜ ,
(x, y, z) ∼ (x+ 1, A(y, z));
(x, y, z) ∼ (x, y + 1, z);
(x, y, z) ∼ (x, y, z + 1);
where p ∼ q means the straight line connecting p and q in Euclidean metric.
Consider the word
wn = (α
nγ−1α−n)(α−nβ−1αn)(αnγα−n)(α−nβαn)
which represents the identity. Then wn is regarded as a contractible path in the universal
cover (R3, g˜), travels around the following points with straight lines:
(0, 0, 0), (n, 0, 0), (n, e1), (0, A
−ne1), (−n,A−2ne1),
(−n,A−2ne1 + e2), (0, A−ne1 +Ane2), (n, e1 +A2ne2),
(n,A2ne2), (0, A
ne2), (−n, e2), (−n, 0, 0), (0, 0, 0).
Note that the length of wn grows linearly as n→∞ with respect to the metric g˜.
We claim that any bounding disk Dn with ∂Dn = wn has area at least kλ
2n, where k is
a positive constant and λ is the eigenvalue of A bigger than 1. To show this, consider the
following projection
pi : R3 → R2, (x, y, z) 7→ (y, z).
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Let σ′ be the area form dy ∧ dz ∈ Ω2(R2), then we get p∗σ = pi∗σ′. Note that this form is
preserved by the action of G and we obtain∫
p(Dn)
σ =
∫
Dn
p∗σ =
∫
Dn
pi∗σ′ =
∫
pi(Dn)
σ′.
The projection pi(Dn) contains the parallelogram with vertices 0, A
−ne1, A−ne1 + Ane2 and
Ane2 in the yz-plane, and the area of this one is approximately kλ
2n for large n.
Now suppose that there exists a primitive θ ∈ Ω1(M˜) of p∗σ with subexponential growth
f(n) = supz∈B0(n) |θz|p˜. Then we deduce the following contradiction,
λ2n ≤
∫
p(Dn)
σ =
∫
Dn
p∗σ =
∫
∂Dn
θ ≤ f(4n+ 2)
∫
wn
1 = f(4n+ 2) · (8n+ 4)
as n → ∞ for small enough  > 0. If we take ydz ∈ Ω1(M˜) as a primitive of p∗σ then by
direct calculation
∫
pn
ydz ≤ Kλ2n as n → ∞, where pn : [0, n] → M˜ is a length n path with
p(0) = 0 and K large enough. This implies that supq∈B0(n) |ydzq|p˜ has at most exponential
growth and we conclude that uσ(s) ∼ exp(s).

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